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Abstract 
The aim of this paper is to present a new ghost cell turbulent wall boundary condition to simulate high Reynolds number 
compressible viscous flows on adaptive Cartesian grids. A pure Cartesian grid has been established with the bodies embedded 
into the grid. Instead of cut cell approach, a ghost cell immersed boundary method has been applied and a wall function model 
is devised to treat turbulent wall boundary conditions. The law-of-the-wall is employed to define primitive variables and 
turbulent properties at the ghost cells. Furthermore, the turbulent variables at the near wall cells and boundary cells are 
modified by using wall function model. In the frame of adaptive Cartesian grids, a cell-centered, second-order accurate finite 
volume solver has been developed for predicting turbulent flow fields. The robustness and the accuracy of the methodology 
have been validated versus well documented turbulent flow test problems, such as transonic flow past a RAE2822 airfoil and 
supersonic flow past a circle cylinder. The obtained results show the effectivity and reliability of the new numerical methods. 
© 2013 The Authors. Published by Elsevier Ltd.  
Selection and peer-review under responsibility of the National Chiao Tung University. 
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1. Introduction 
With the development of computer science and numerical method, Cartesian grids become one of the popular 
mesh generation methods and can be considered for real, large scale numerical simulations. Traditional body-
fitted methods are time-consuming and need a high level of expertise especially for complex geometries. However, 
Cartesian grid methods are thought to be automation and flexibility in grid generation, especially when the 
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adaptive mesh refinement (AMR) technique is coupled with them. They could be ease and speed, even automated 
to generate mesh for complex geometries, such as multi-scale problems and moving boundary problems.  
The main difficulty in using adaptive Cartesian girds for simulating flow-fields is the boundary treatment of 
high Reynolds number turbulent compressible flow problems. Many earlier Cartesian grids based flow solvers [1-
2] employed “Cartesian cut-cell” approach to deal the intersection between the Cartesian cells and the body 
surface. But, this method would form a cell with arbitrary shape and make the data structure more complicated. In 
recent years, another approach named as “immersed boundary method (IBM)” became more and more popular in 
dealing the boundary conditions for Cartesian grid methods. Compared with “Cartesian cut-cell” method, the main 
advantage of the IBM consists in avoiding complex geometrical algorithms to intersect the Cartesian cells with the 
body surface. The IBM just need enforce the wall condition indirectly through the use of force terms, so it keeps 
the advantage of automated grid generation of Cartesian grids. 
Most of the IBM applications were available in simulating incompressible flows [3-4], they did very well in 
treating fluid-structure interaction and moving boundary problems. For compressible flows, a number of methods 
like the approach of IBM were available for Euler [5-6] and laminar flows [7-8], such as the “ghost-cell method” 
for inviscid flows developed by A.Dadone [5] and the “embedded boundary method” for laminar flows presented 
by D.Marshall [7]. However, there were some technique difficulties in predicting compressible turbulent flows 
with Cartesian grids. In references [9-10], some turbulent results were presented by using very fine mesh 
generated near the wall. But compared to body-fitted grid methods the he number of grid cells is huger. Some 
attempts were employed to decrease the excessive number of grid cells. One approach developed by Kamatsuchi 
[11] was to use the idea of sub-grid points in the boundary layer region to model turbulent boundary layers. 
Another way to avoid lager meshes in the boundary layer region was to use the wall model to represent turbulent 
boundary conditions in the case of turbulent flows at high Reynolds numbers. Some pioneer works by G. Kalitzin 
and G. Iaccarino [12-13] focused on coupling a logarithmic law of the wall with the IBM to simulate turbulent 
flows. Lee.J [14] developed a turbulent wall function based viscous Cartesian grid method in his doctoral thesis. F. 
Capizzano [15] adopted a two-layer wall modeling to correctly control the turbulent quantities at the immersed 
boundary surfaces. 
In this paper, a novel cell-centered, second-order accurate finite volume solver has been developed for solving 
high Reynolds compressible viscous flows on adaptive Cartesian grids. In order to treat the non-body-conforming 
wall boundary conditions, a ghost cell immersed boundary method coupled with wall function model is devised, 
which is the major obstacle in solving Reynolds average Navier-Stokes(RANS) equations and turbulence models 
in conjunction with Cartesian grids. The law-of-the-wall has been applied to define the eddy viscosity, turbulent 
kinetic energy and specific dissipation of turbulence at the ghost cells. Furthermore, the primitive variables of the 
ghost cell were derived from the fundamental assumptions of wall function boundary conditions. 
2. Governing equations and numerical methods 
2.1. Governing equations 
Two-dimensional compressible flows are governed by the Faver Reynolds averaged Navier-Stokes (RANS) 
equations. In an integral form, the RANS equations can be written as: 
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where W is the vector of conserved variables, cF and vF are inviscid and viscous flux vector 
respectively[16].Expressing the above equations over an arbitrary control volume I: , the following semi-discrete 
form can be obtained: 
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In the above equation, m refers to the interface between the cell I and its neighboring cell J , FN denotes the 
number of the interfaces of the control volume and mS' is the area of the m interface. The solution is updated using 
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a LU-SGS implicit time integration procedure [17]. The two equation SST Zk  turbulence model developed by 
Menter [18] is implemented to handle turbulent flows. 
2.2.  Numerical methods 
A cell-centered, second-order accurate finite volume method is used in order to solver equation (2). The 
convective flux vector of equation (2) is compute at the cell interface using the AUSM+ scheme developed by 
Liou [19], and the solution reconstruction procedure [16] is used to obtain second order accuracy. The diffusive 
flux vector is approximated by using nd2  order accurate central difference scheme. 
The farfield boundary conditions consider in this work are based on simplified one-dimensional characteristics 
boundary conditions [16]. A ghost cell immersed boundary method, presented in section 4, is devised to treat 
turbulent wall boundary conditions. 
2.3.  Feature-based grid adaptation Numerical Methods 
In the frame of adaptive Cartesian grids, a quadtree-based structure [1] is used to store the mesh information. 
The appealing advantage of tree-based data structure is the easy implementation of refinement or coarsening of 
cells, which makes the solution adaptations become a facile task. Sensors are employed to detect zones of 
appreciable flow activity. Since a criterion based on the divergence of velocity and the curl of velocity works the 
best [1], we will use the combination of those sensors, which expressed as follows: 
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where I  = 1, 2, . . . , N, N being the total number of cells, r IIh : ( I: is the cell volume) represents the length 
scale of cell. The standard deviations of both parameters are computed as: 
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Then the following conditions are used for grid adaptation. 
(1) if cci VW !  or ddI VW ! , cell I  is flagged for refinement; 
(2) if cci VW 3.0  and ddI VW  1.0 , cell I  is flagged for coarsening. 
3. Wall function model 
Wall function models are empirical relationships, which derived from the boundary layer theory and 
established on the six fundamental assumptions [20]. Spalding[21] suggested a unified valid for the log layer an 
the sublayer as well as the transition region. The form is given by: 
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In the above formulas u is the velocity parallel to the wall炻 y  is coordinate direction normal to the 
wall. wU , wP , wW are wall density, wall molecular viscosity and wall shear stress respectively. Wu means the friction 
velocity. The constantsN and B are taken as 0.41and 5.5. 
In order to treat the wall boundary condition, a ghost cell immersed boundary method is developed, based on 
the above wall function model and the fundamental assumptions, to define the flow variables at the ghost cells. 
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4. Ghost cell immersed boundary method 
In the frame of ghost cell immersed boundary method, the geometry that is described by a closed polygon w:w  
in two dimensions is overlapped onto a Cartesian grid. As shown in Fig. 1, the ray tracing technique based on the 
geometrical algorithms [22] is used to categorize the mesh into three kinds: flow cell (completely inside the fluid), 
boundary cell (intersect with wall boundary) and the rest solid cell (completely inside the solid). Meanwhile, the 
solid cell next to boundary cell is defined as ghost cell and flow cell next to boundary cell is named as near-wall-
cell as shown in Fig. 1. 
 The wall function model, presented in section 3, is employed to define the turbulent wall boundary conditions 
at the ghost cells and to modify the turbulent properties at the near-wall-cells and boundary cells. 
 
Fig.1 Example configuration of ghost cell method 
4.1. Definition of primitive variables at the ghost cell 
The primitive variables at the ghost cell are determined as following. As shown in Fig.1, consider the ghost cell 
A:  
Firstly, find its reference point C, which is at the direction of line AB. The point B is the closest point on the 
body surface from the ghost cell A and the length of segment AB is gG . The length of segment BC is 
predetermined length, rG  (In this paper, rG  is set to the length of boundary cell). Then, the primitive variables at 
the reference point are interpolated from the surrounding flow cells using the bilinear interpolation.  
Secondly, using the primitive variables at the reference point, the tangential velocity  and normal velocity NrefV  
at the reference point, and the density, molecular velocity at the wall can be obtained. Then, the wall shear 
stress wW and friction velocity Wu are obtained by solving equation (5) and (6) using Newton method. 
Finally, according to the fundamental assumptions of wall function model [20], the shear stress is constant in 
the lower part of the boundary layer. Therefore, the shear stress at the ghost cell is set equal to the shear stress at 
the reference point, also equal to the wall shear stress wW . Meanwhile, assuming the total viscosity at the ghost cell 
is identical to that at the reference point. Then, the tangential velocity at the ghost cell is 
w
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The normal velocity at the ghost cell satisfies the non-permeable wall boundary condition, that is  
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In the above equations, TrefV and NrefV  represent the tangential and normal velocity at the reference point 
respectively. refP  and trefP  are the molecular viscosity and eddy viscosity of the reference point respectively. 
According to the fundamental assumptions of wall function model [20], the pressure is constant in the lower 
part of the boundary layer. That means the pressure at the ghost cell is identical to that at the reference point 
refg PP                                                                                                        (9) 
According to the fundamental assumptions of wall function model [20], the temperature profile in the lower 
part of the boundary layer satisfies the Crocco-Busemann equation. Then, the temperature at the ghost cell is 
expressed as 
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Therefore, the density at the ghost cell can be obtained from the state law. 
4.2.  Specification and modification of turbulent properties  
The SST Zk  turbulence model is employed to simulate turbulent flow. At the same time, a wall function 
model based turbulent wall boundary conditions are implemented. So the turbulent properties, such as the 
turbulent kinetic energy k , the specific dissipation of turbulenceZ  and the turbulent eddy viscosity tP  should be 
imposed on the ghost cells, also a modification of turbulent properties should be done at near-wall-cells and 
boundary cells. 
According to the fundamental assumptions of wall function model [20], the shear stress is constant in the lower 
part of the boundary layer. Meanwhile, the relationship between molecular viscosity and turbulent eddy viscosity 
in the lower part of the boundary layer is expressed by taking derivation y of u [20] 
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As shown in Fig.1, the sum of molecular viscosity and turbulent eddy viscosity is constant along the direction 
of the ghost cell A and its reference point E. Therefore, the turbulent eddy viscosity at the ghost cell yields to 
gtrefreftg PPPP                                                                                       (12) 
In the above equation, the molecular viscosity gP at the ghost cell and trefP at the reference point are obtained by 
using Sutherland’s law [16]. The turbulent eddy viscosity trefP at the reference point is obtained from the equation 
(11). The turbulent kinetic energy k and the specific dissipation of turbulenceZ  at the ghost cell are specified as 
follows [20] 
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where wU , wP represent wall density and wall molecular viscosity炻 y is coordinate direction normal to the wall, 
Wu means friction velocity calculated from wall function model炻 PC andN are constants. 
It’s the same approach as used in the body-fitted grid methods [20], the turbulent properties should be modified 
at the near-wall-cells and boundary cells. As shown in Fig.1, for the near-wall-cells, the turbulent properties are 
calculated from the stored flow properties of themselves. However, turbulent properties at the boundary cells are 
calculated from their reference points the same as the approach of the ghost cells. 
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